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Abstract
We describe a general N-solitonic solution of the focusing NLSE in the presence of a condensate by using the dressing method.
We ﬁnd a broad class of superregular solitonic solutions which are small perturbations at certain a moment of time. They describe
the nonlinear stage of the modulation instability of the condensate and play an important role in the theory of freak waves.
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1. Introduction
There is a point of common agreement that extreme waves on deep water appear as a result of modulational
instability of quasimonochromatic weakly nonlinear stationarity waves [1, 2, 3]. In terms of the NLSE model it
means that we should study instability of the condensate in the focusing version of this equation.
It has been known since 1971 that the NLSE is a system that completely integrable by the Inverse Scattering
Method (ISM) [4]. Since this time hundreds of papers and several books have been written on this subject (see for
instance the monographs [5, 6, 7, 8]. In this sea of literature one can ﬁnd some articles devoted to development of
the ISM for NLSE with focusing in the presence of condensate (see the literature cited below). The application of the
ISM technique to the NLSE is not a novelty.
However, the central question appearing in this theory what is long-time consequence of the modulational instabil-
ity has not been answered so far. In this article we only study the evolution of a special class of localized initial data
presented by exact N-solitonic solutions of NLSE. Solitonic solutions in the presence of an unstable condensate have
a long history.
In the nonsolitonic case a solution of the auxillary linear Zakharov-Shabat system (wave function) is analytic in
the right half-plane of the spectral parameter λ = λR + iλI with the exception of a cut on the real axis 0 < λR < A,
where A is the condensate amplitude. Each soliton adds a simple pole to some point of the right half plane, including
possibly the cut.
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The simplest solution was found by E. Kuznetsov in 1977 [9]. Later on this solution was rediscovered by other
authors [10, 11]. In this case the pole is located on the real axis outside the cut λR > A. The Kuznetsov solution is
a localized bump oscillating in time. It was reported that recently Kuznetsov soliton was observed experimentally
in optical ﬁbers [12]. The oscillation period grows as λR → A and become inﬁnite in the limit λR = A. In this limit
Kuznetsov’s solution turns into the instanton found in 1983 by D. Peregrine [13]. This is a purely homoclinic solution.
It starts at t →−∞ from the condensate and returns at t →+∞ to the condensate with the same phase. The importance
of these solutions to the development of the theory of freak waves is stressed in papers [14], [15]. Peregrine’s solution
was rediscovered by A. Its, A. Rybin and M. Sall in 1988 [16]. In their article it was called an ”exulton”. In 1985 a
second order Peregrine solution was found [17]. Today ”multi-Peregrine” solutions are actively studied by different
groups (see for instance [18], [19], [20]). The Peregrine soliton was observed experimentally in water wave tank
[21] and optical ﬁbers [22].
In 1985 N. Akhmediev, V. Eleonskii and N. Kulagin discovered a solitonic solution periodic in space but localized
in time (the so-called Akhmediev breather) [17]. This solution is almost homoclinic. It starts from a condensate and
returns to the condensate with the same amplitude and a different phase. In the Akhmediev case the pole is located
inside the cut 0 < λR < A.
In the general case the pole is located in any point on the right half-plane. A generic solution moves and oscillates.
At x→±∞ it goes to two condensates with the same amplitude and different phases. In the explicit form it was found
in the paper of A. Its, A. Rybin and M. Sall [16]. Later this solution was obtained by other methods and discussed in
the frame of freak wave theory by A. Slunyaev at al. [23, 24] and N. Akhmediev at al. [15, 25]. In 2011 a general
one-solitonic solution was obtained by the authors of this article using the ∂ problem [26]. General two-solitonic and
N-solitonic solution were suggested in 1998 by M. Tajiri and Y. Watanabe [27]. Some types of two-solitonic solutions
and their degenerations were studied in the paper [28].
In this paper we describe a general N-solitonic solution of the focusing NLSE in the presence of condensate. We
do not insist on our priority in this point but we believe that our method for its construction is the most simple and
economic. But this is not a major point of our article. This paper is more ”practically oriented”. We give a partial
answer to a major question - what is the nonlinear stage of the modulational instability. When we speak about this
subject we must clearly separate development of two types of initial perturbations. One can consider periodic or
quasiperiodic in space perturbations. Or one can study development of perturbation localized in space. The time-
behavior of these two types of perturbations is different even in the linear theory. The nonlinearity ampliﬁers this
difference enormously. In this article we will speak only on nonlinear behavior of spatially localized perturbations.
We will show that a certain class of small perturbations can be described by 2N - solitonic solutions.
A general N-solitonic solution tends at x → ±∞ to the condensate with different phases. In this article we dis-
tinguish a class of regular solitonic solutions that do not disturb the phases of the condensate at inﬁnity. All regular
solitonic solutions can be treated as localized perturbations of the condensate. In general case they are never small.
However we are able to construct an ample class of solutions that we call superregular solitonic which is a certain
moment of time (suppose at t = 0) are small perturbations of condensate. In fact they are pairs of ”quasi-Akhmediev”
breathers. This proceeding is based on the articles [29] and [30].
2. NLSE via dressing method
We study solutions of the following NLSE
iϕt − 12ϕxx− (|ϕ|
2−|A|2)ϕ = 0 (1)
with nonvanishing boundary conditions |ϕ|2 → |A|2 at x → ±∞. Without loss of generality we assume that A is a
real constant. This solution is unstable with respect to small perturbations. The growth rate of instability is Γ(k) =
k
2
√
4A2− k2, where k is wave number of perturbation. In what follows we use the NLSE with non-vanishing boundary
conditions |ϕ|2 → |A|2 at x→±∞.
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Fig. 1. The growth rate of modulation instability
Equation (1) is the compatibility condition for the following overdetermined linear system for a matrix function Ψ
[4]:
∂Ψ
∂x
= ÛΨ
i
∂Ψ
∂ t
= (λÛ+Ŵ )Ψ
(2)
Here
Û = Iλ +u
Ŵ =
1
2
(|ϕ|2−A2 ϕx
ϕ∗x −|ϕ |2+A2
)
I =
(
1 0
0 −1
)
u =
(
0 ϕ
−ϕ∗ 0
)
(3)
Here λ is a spectral parameter. Suppose we know a certain particular solution ϕ0 of equation (1) together with the
fundamental matrix solution Ψ0(x, t,λ ) of system (2). Then one can construct a new solution ϕ of equation (1) using
the following recipe (V. Zakharov and A. Mikhailov [31]). Choose N complex numbers λk (k=1,..N) Reλk > 0 and
another set of arbitrary complex numbers C1, ..Cn. Denote Fk =Ψ0(x, t,−λ ∗k ) and deﬁne N vectors qn by relation
−→q ∗n = Fn
(
1
Cn
)
(4)
Then a new solution is given by expression
ϕ = ϕ0+2
M˜12
M
(5)
Here M˜αβ (α = 1,2) is the following determinant
M˜αβ =
∣∣∣∣∣∣∣∣∣
0 q1,β · · · qn,β
q∗1,α
...
q∗n,α
MTnm
∣∣∣∣∣∣∣∣∣
(6)
Where Mnm is a Hermitian matrix:
Mnm =
(−→q n ·−→q ∗m)
λn+λ ∗m
(7)
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M = det(Mnm) (8)
Mention that transformation qn → anqn, where an are arbitrary complex numbers, does not change the result of
dressing.
3. N-solitonic solution on condensate
In what follows we study dressing only on a condensate background ϕ0 = A. Then Ψ0 can be found as
Ψ0(x, t,λ ) =
(
eφ(x,t,λ ) s(λ ) · e−φ(x,t,λ )
s(λ ) · eφ(x,t,λ ) e−φ(x,t,λ )
)
(9)
Here
φ = kx+Ωt k2 = λ 2−A2 Ω=−iλk s=− A
λ + k
(10)
In what follows we assume that function k(λ ) =
√
λ 2−A2 has a cut at −A< Re(λ )< A. Thus k(λ )→ λ at λ → ∞.
We perform the Jukowsky transform and map this plane onto the outer part of the circle of unit radius:
λ =
A
2
(ξ +
1
ξ
) (11)
and use parametrization
ξn = Rneiαn = ezneiαn Cn = eiθn+μn (12)
After redeﬁnition of phase factor φn
qn1 = e−φn + ewn+φn
qn2 = ewn−φn + eφn
(13)
Here
wn = −iαn− zn φn = un+ ivn
un = ænx− γnt+ 12μn vn = knx−ωnt−
1
2
θn
(14)
and
æn = Asinhzn cosαn
kn = Acoshzn sinαn
γn = −A
2
2
cosh2zn sin2αn
ωn =
A2
2
sinh2zn cos2αn
(15)
The N - solitonic solution is invariant with respect to shifts in time and space. If one replace
x→ x− x0 t → t− t0 (16)
then
μn → μn−2(ænx0+ γnt0) θn → θn−2(knx0−ωnt0) (17)
It means that a space-time shift leads to renormalization of constants Cn.
Cn →Cne2(ænx0+γnt0)−2i(knx0−ωnt0) (18)
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N-soliton solution can be considered as a nonlinear superposition of n separate solitons. Each of them is characterized
by the group velocity.
VGrn =−
γn
æn
(19)
and phase velocity
VPhn =−
ωn
kn
(20)
In the case when all group velocities coincide the solution represents a solitonic atom (ﬁrst mentioned in [32]) - a
complicated conﬁguration of solitons moving together. Complicated solitonic atoms containing a large number of
solitons should be described by methods of statistical mechanics. In the two-solitonic case:
cosh2z1
sinhz1
sinα1 =
cosh2z2
sinhz2
sinα2 (21)
A general N-solitonic solution has asymptotics
ϕ → Aexp
(
±2i
N
∑
k=1
αk
)
x→±∞. (22)
If we are interested in N-solitonic solutions localized in a ﬁnite domain of space and not perturbing the remote
condensate we must put
N
∑
k=1
αk = 0, ±π/2. (23)
We call this solution a ”regular solitonic solution” of the ﬁrst (∑ = 0) and second (∑ = ±π/2) type. The difference
between them is the direction of solitons movement. If we assume that the modulation instability develops from
localized perturbation, only a regular solution can be used as a model for its nonlinear behavior.
4. One soliton solution on condensate
The general one-solitonic solution depends on four scalar parameters R, α, θ , μ . Two of them θ , μ are responsible
for shifts in time and in space. If we put μ = 0, θ = 0, the one-solitonic solution can be written as follows
ϕ = −Acoshzcos2α cosh2u+ cosh2zcosα cos2v+ i(coshzsin2α sinh2u+ sinh2zcosα sin2v)
coshzcosh2u+ cosα cos2v
(24)
To obtain the general solution we replace t → t− t0, x → x− x0 where x0 = (μω +θγ)/2Δ, t0 = (μk+θæ)/2Δ.
Here Δ= kγ −æω . This solution is localized in space if R = 1. In this case the asymptotics of (24) are:
ϕ →−Ae−2iα at x→−∞
ϕ →−Ae2iα at x→+∞
|ϕ|2 = A2 at x→±∞
(25)
We see that solution (24) has identical asymptotics at x →±∞ only in the case α = 0, when the pole is on the real
axis. The position of pole deﬁnes the type of the soliton. Different possible positions are plotted in the ﬁgure 2.
We pay attention only to the special case of general one-solitonic solution when R→ 1,z→ 0. This is the ”quasi-
Akhmediev” breather of very large (in general) size:
L≈ 1
Azcosα
. (26)
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Fig. 2. ”Species” of one-solitonic solution. - Kuznetsov, - Akhmediev - General, - quasi-Akhmediev, - Peregrine
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Fig. 3. The ”quasi-Akhmediev” breather. Left picture: R= 1.15,α = π4 ,θ = 0,μ = 0. Right picture: R= 1.1,α =
π
3 ,θ = 0,μ = 0.
moving with very high group velocity
Vgroup ≈−Asinαz , (27)
and very low phase velocity
Vph ≈ Azcos2αsinα . (28)
The soliton has inner quasiperiodic structure with characteristic scale l ≈ 2π(Asinα)−1. Observing this solution from
a ﬁxed point (for example x= 0) the total passing time of this soliton is
T ≈ L
Vgroup
=
1
A2 cosα sinα
. (29)
T → ∞ if α → 0. It is interesting that this time does not depend on z. It is important to stress that the ”quasi-
Akhmediev” breather remain after its passing slowly decaying ”tails”. The ”quasi-Akhmediev” breather is plotted in
Fig. 3.
5. Two-solitonic solution
A general two-solitonic solution on condensate background can be obtained in the following from:
ϕ = A−2N
Δ
(30)
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Fig. 4. General two-solitonic solution. R1 = 2,α1 = π8 ,R2 = 3,α2 =
π
3 ,μ1 = μ2 = 0,θ1 = θ2 = 0
Here
N =
|−→q 1|2q∗21q22
λ1+λ ∗1
− (
−→q ∗1−→q 2)q∗21q12
λ ∗1 +λ2
− (
−→q 1−→q ∗2)q∗11q22
λ ∗2 +λ1
+
|−→q 2|2q∗11q12
λ2+λ ∗2
Δ =
|−→q 1|2|−→q 2|2
(λ1+λ ∗1 )(λ2+λ
∗
2 )
− (
−→q 1−→q ∗2)(−→q ∗1−→q 2)
(λ ∗1 +λ2)(λ
∗
2 +λ1)
(31)
Let us denote the following functions:
S= q11q22−q12q21 (32)
B1 = |−→q 1|2q∗21q22 B2 = (−→q ∗1−→q 2)q∗21q12 B3 = (−→q 1−→q ∗2)q∗11q22 B4 = |−→q 2|2q∗11q12 (33)
P= |−→q 1|2|−→q 2|2 Q= (−→q 1−→q ∗2)(−→q ∗1−→q 2) (34)
One can check that following identities are valid:
B1+B4 = B2+B3 = |−→q 1|2q∗21q22+ |−→q 2|2q∗11q12
B3−B2 = (|q11|2−|q12|2)q∗21q22+(|q21|2−|q22|2)q∗11q12
|S|2 = |−→q 1|2|−→q 2|2− (−→q 1−→q ∗2)(−→q 1−→q ∗2) = |q11q22−q12q21|2
(35)
Expression (30) can be presented in the following form:
ϕ = A−4AH1B1+H2B4− iH3(B2−B3)
H4P−H5Q (36)
Where
H1 = cosα2 coshz2
[(
sinα1 sinhz1− sinα2 sinhz2
)2− cos2 α1 cosh2 z1+ cos2 α2 cosh2 z2]
H2 = cosα1 coshz1
[(
sinα1 sinhz1− sinα2 sinhz2
)2
+ cos2 α1 cosh2 z1− cos2 α2 cosh2 z2
]
H3 = 2cosα1 cosα2 coshz1 coshz2
(
sinα1 sinhz1− sinα2 sinhz2
)
H4 =
[(
sinα1 sinhz1− sinα2 sinhz2
)2
+
(
cosα1 coshz1+ cosα2 coshz2
)2]
H5 = 4cosα1 cosα2 coshz1 coshz2
(37)
In general two-solitonic solution changes the phase of the condensate. The example of two solitons which move in
one direction and collide is presented in Fig. 4
172   Vladimir Zakharov and Andrey Gelash /  Procedia IUTAM  9 ( 2013 )  165 – 175 
20 10 0 10 20
4
2
0
2
4
6
8
x
R
e

,
Im

,


2 ,
A
1
t  5Ξ 

20 10 0 10 20
4
2
0
2
4
6
8
x
R
e

,
Im

,


2 ,
A
1
t  0
Fig. 5. Regular twosolitonic solution of the ﬁrst type. R1 = 1.5,α1 = π4 ,R2 = 2.5,α2 =− π4 ,μ1 = μ2 = 0,θ1 = θ2 = 0
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Fig. 6. Twosolitonic solution of the second type. R1 = R2 = 3,α1 = π12 ,α2 =
5π
12 ,μ1 = μ2 = 0,θ1 = θ2 = 0
When α1 = α, α2 =−α the solution is a regular two-solitonic solution of the ﬁrst type. It consists of two solitons
which move in opposite directions and collide. The group velocities are:
VGr1 =
cosh2z1
sinhz1
sinα VGr2 =−cosh2z2sinhz2 sinα (38)
The regular two-solitonic solution of the ﬁrst type is plotted in Fig. 5
When α1 = α, α2 = π/2−α, α > 0 or α1 = α, α2 = −π/2−α, α < 0 the solution is a regular two-solitonic
solution of the second type. It consists of two solitons moving in one direction and in the general case colliding (unless
the group velocities coincide). Let us consider only the case α > 0 (the case α < 0 is different only in the direction of
movement). Note that now we cannot put μ1 = 0 and μ2 = 0 simultaneously because the group velocities can coincide.
A regular two-solitonic solution of the second type is plotted in Fig. 6. In Fig. 7 a 3-dimensional comparison of the
ﬁrst and second type are presented.
6. Small perturbation of condensate
Suppose that S = 0 and z = 0. Then ϕ = A, thus the condensate is not perturbed. We call this phenomenon as
Akhmediev breathers annihilation. If z → 0 the annihilation is ”not complete”. Solution is a small perturbation at
the moment of solitons collision. The remarkable fact of the exact cancelation of two Akhmediev breathers with
opposite values of angular parameter α makes it possible to construct a special and very important class of 2N-
solitonic solutions describing the evolution of an inﬁnitesimally small perturbation of condensate. These solutions
form a subset of regular solutions. We assume that R1 = R2 = 1+ ε are close to one. Let us denote deviation of
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Fig. 7. 3-dimensional representation of the solutions are plotted in Fig. 5 and Fig. 6.
a solution from the condensate at the moment of time t = 0 as δϕ . The ﬁrst order asymptotic expansion by small
parameter ε leads to the following result
ϕ = A+δϕ
δϕ ≈ −2εAM− iK
G
(39)
M = 2sinα sinhζ sinϑ cos
θ+
2
K = 2cosα coshζ cosϑ sin
θ+
2
+ sinθ+
G = cos2
θ+
2
sinh2 ζ + sin2
θ+
2
cosh2 ζ
ϑ = 2Asin(α)x− θ
−
2
ζ = 2Aε cos(α)x
θ+ = θ1+θ2
θ− = θ1−θ2
(40)
If θ+ = 0, that G = 0 and δϕ is a small perturbation of condensate. An initially small localized perturbation of
the condensate generates a pair of quasi-Akhmediev solitons propagating with very fast group velocity in opposite
directions. We call this solutions a ”superregular solitonic solutions”. Typical development of superregular solitonic
solution is presented on Fig. 8. Notice that an incomplete annihilation is not necessary symmetric. One can put
R1 = 1+ ε , R2 = 1+ aε , a = 1, ε → 0. Such an initially small perturbation generates a pair of different quasi-
Akhmediev solitons propagating in opposite directions. Note that annihilation of solitons takes place for much more
general class of 2N solitonic solutions generated by N superregular pairs (see [29] and [30] for the details).
7. Conclusion
We end up with the following result. The special class of centered in space and time two-solitonic solutions
is presented. At the moment of time t = 0 a small perturbation of the condensate is described by ﬁve parameters
α,ε,a,θ+,θ−. Moreover, this solution can be shifted in space and in time, thus the total number of free parameters
is seven. Constructing such solutions one must be sure that θ+ = 0. The degenerated case θ+ → 0 must be studied
separately.
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